The emergence of flagpole and flag-dipole singular spinor fields is explored, in the context of fermionic sectors of fluid/gravity correspondence, arising from the duality between the gravitino, in supergravity, and the phonino, in supersymmetric hydrodynamics. Generalized black branes, whose particular case consists of the AdS-Schwarzschild black brane, are regarded. The correspondence between hydrodynamic transport coefficients, and the universal absorption cross sections of the generalized black branes, is extended to fermionic sectors, including supersound diffusion constants. A free parameter, in the generalized black brane solution, is shown to control the flipping between regular and singular fermionic solutions of the equations of motion for the gravitino.
liquids [12] . One intriguing feature of this duality is the so called KSS result [13, 14] , named after Kovtun, Son and Starinets, which states that the shear viscosity to entropy density ratio is universal, in the sense that its numerical value is the same for almost all known physical systems. One exception involve a highly complex framework [15] .
To lead the fluid/gravity correspondence -essentially based on bosonic fields -further, one aims to include fermionic modes into the description. To accomplish so, one refers to supersymmetry in the bulk and analyzes its effect in the boundary, describing supersymmetric hydrodynamics [16] . This setup indeed leads to predictions [17] [18] [19] [20] [21] [22] and the quest which concerns us in this work is related to the problem of whether a quantity similar to the shear viscosity to entropy ratio, associated to fermionic sectors, exists. In Ref. [23] the sound diffusion constant was first calculated in a supersymmetric holographic background and indicated that this quantity is the obvious candidate for the task, which was investigated and asserted later by [24] .
The sound diffusion constant is related to the super current, which turns out to be the super partner of the energy-momentum tensor. When one considers a field theory with T > 0, supersymmetry is spontaneously broken and the emergence of a collective fermionic excitation called phonino arises in very general circumstances [25] . The sound diffusion is associated with the damping of this mode, i. e., imaginary part of the dispersion relation. It was computed analytically for N = 4 supersymmetry. In the holographic setting the EOM for the gravitino in AdS 5 background were solved to first order in the frequency and momentum using the retarded green function of the dual supersymmetric current, from where the dispersion relation was read off.
Flagpoles and flag-dipoles are types of the so called singular spinor fields in Lounesto's U(1) gauge classification. Flagpoles encompass neutral Majorana, and Elko, spinor fields, as well as charged spinor fields satisfying specific Dirac equations [26] . Flag-dipoles are very rare in the literature, being their first appearance in Ref. [27] .
The emergence of flagpole and flag-dipole singular spinor fields in the context of fermionic sectors of fluid/gravity correspondence is here scrutinized, exploring the duality between the graviton, in a supergravity bulk setup, and the phonino, in the boundary supersymmetric hydrodynamics. These spinor fields emerge when generalized black branes are considered, whose particular case in the AdS-Schwarzschild black brane for a very particular choice of parameter. This parameter appearing in the generalized black branes shall be shown to drive the flipping that takes regular into singular spinors fields, as solutions of the equations of motion for the gravitino.
This paper is organized as follows: Sect. II is devoted to a brief review of the U(1) spinor field classification from bilinear covariants. The Fierz identities, and their generalizations, are discussed as well as the role of singular and regular spinor fields. In Sect. III, the relation between hydrodynamic transport coefficients and the universal absorption cross sections in the corresponding gravity dual is provided, and then extended to the fermionic sectors. The Kubo formulae for the gravitino transport coefficients is used. Sect. IV is dedicated to explore the aforementioned results for generalized black branes and derive the supersound diffusion constants. The bulk action for the gravitino is employed in the generalized black brane background, showing how flagpole and flag-dipole fermionic fields emerge as solutions of the derived equations of motion. The free parameter, in the generalized black brane, is then analyzed, also providing the flipping between regular and singular fermionic fields.
II. GENERAL BILINEAR COVARIANTS AND SPINOR FIELD CLASSES
A classical spinor field ψ is an object of the irreducible representation space of the Spin group. In 1 + 3 dimensions, the isomorphism Spin(1, 3) ≃ SL(2,C) means that a classical spinor field then carries the representations of the SL(2,C) Lorentz group. The bilinear covariants components, defined at each point x on a 4D spacetime, with cotangent basis {e µ } read
where ψ = ψ † γ 0 is the spinor conjugate,
is the volume element, and γ µ γ ν + γ ν γ µ = 2η µν I 4×4 , being the γ µ the Dirac gamma matrices and the η µν are the Minkowski metric components. The form fields
µ , and S(x) = 1 2 S µν (x) e µ ∧ e ν are defined, where α∧β denotes the exterior product of form fields α, β. Exclusively in the Dirac electron theory, the 1-form J represents a U(1) conserved current density. More precisely, in natural units, the time component J 0 is well known to regard the charge density, and the spatial components J i typifies the electric current density. The spatial components S jk represent the magnetic dipole moment density, whereas the mixed components, S i0 , denote the electric dipole moment density. The K µ denote the chiral current density, that is solely conserved in the massless case. The scalar Σ, responsible for the mass term in a fermionic Lagrangian, and the pseudoscalar Ω, that is capable to probe CP symmetries, can be composed as Σ 2 + Ω 2 to be interpreted as a probability density. These interpretations hold for the more common and usual cases where, for instance, the spinor describes the electron in the Dirac theory. Further cases can borrow similar interpretations for at least some of the bilinear covariants if the Dirac equation is satisfied for the given spinor field [28] .
The U(1) classification of spinor fields is described by the following classes [1] ,
When both the scalar and the pseudoscalar vanish, a spinor field is called singular, otherwise its said to be regular. The objects in Eqs. (1b) and (1d), being 1-form fields, are named poles. Since spinor fields in the class 4, (2d), have non vanishing K and J, spinor fields in this class are called flag-dipoles, because S = 0 is a 2-form field, identified by a flag, according to Penrose. Besides, spinor fields in class 5, (2e), have a vanishing pole, K = 0, a non null pole, J = 0, and a non null flag, S = 0, being flagpoles. Spinor fields in class 6, (2f), present two poles, J = 0 and K = 0, and a null flag, S = 0, corresponding therefore to a flag-dipole. Flag-dipole spinor fields were shown to be a legitimate solution of the Dirac field equation in a torsional setup [27, 29, 30] , whereas Elko [31] and Majorana uncharged spinor fields represent type-5 spinors [26] , although a recent example of a charged flagpole spinor has been shown to be a solution of the Dirac equation. Additional spinor fields classes, upwards of the Lounesto's classification, complete all the formal possibilities, including ghost fields [28] . The standard, textbook, Dirac spinor field is an element of the set of regular spinors in the class 1, (2a). Besides, chiral spinor fields were shown to correspond to be elements of the class 6, (2f), of (dipole) spinor fields. Chiral spinor fields governed by the Weyl equation are Weyl spinor fields. However, the class 6 of dipole spinor fields further allocates mass dimension one spinors, whose dynamics, of course, is not ruled by the Weyl equation, as well as flagpole spinor fields in the class 5, that are not neutral and satisfy the Dirac equation. The spinor field class 5, still, is also composed by mass dimension one spinor fields [26, 31, 32] . The Lounesto's spinor field classification was also explored in the lattice approach to quantum gravity [33] . Flipping between regular and singular spinor fields was scrutinized in Ref. [34] , for very special cases.
The classification of spinor fields, according to the bilinear covariants, must not be restricted to the U(1) gauge symmetry of quantum electrodynamics. In fact, a more general classification, based on the SU(2) × U(1) gauge symmetry, embraces multiplets and provide new fermionic possibilities in the electroweak setup [3] .
Regular spinor fields satisfy the Fierz identities,
what does not hold, in general, for singular spinor fields. Notwithstanding, a multivector field, constructed upon the bilinear covariants, (4) is a Fierz aggregate if the listed bilinear covariants obey the Fierz identities (3a -3c). Besides, Fierz aggregates, that are self-adjoint under the Dirac conjugation, are named boomerangs [1] . For singular spinor fields, the Fierz identities (3a) are promoted to the generalized ones,
that are satisfied for all the spinor fields in the Lounesto's classification. Moreover, spinor fields may be reconstructed from bilinear covariants, resulting in a classification of spinor fields that is mutual to the Lounesto's one [35, 36] . In fact, given a spinor field ξ satisfying ξψ = 0, then ψ = 1 4a e −iα Zξ, where 4a 2 = ξZξ and
In the next section, the relation between hydrodynamic transport coefficients and the universal absorption cross sections in the corresponding gravity dual is provided, and then extended to the fermionic sectors. A generalized black brane background shall be introduced, providing the first steps for the emergence of flagpole and flagdipole singular spinor fields. The hydrodynamic transport coefficients, in the fermionic sectors, shall be briefly reviewed. The supersound diffusion constant, for the generalized black brane, shall be also studied, leading to the AdS-Schwarzschild results [23, 37] , in a very particular limit.
III. BLACK HOLE ABSORPTION CROSS SECTIONS AND FERMIONIC SECTORS
Hydrodynamics plays the role of an effective account of quantum field theories (QFTs) in the long wavelength regime [38] , regulated by a the local fluid variables that are near the equilibrium. Transport coefficients, encompassing viscosities and conductivities, drive perturbations propagation and can be experimentally measured. One of the most remarkable predictions of AdS/CFT and fluid/gravity correspondence is the shear viscosity-toentropy density ratio, which is universal for a large class of isotropic, strongly coupled, plasmas [38] . The fact that the shear viscosity-to-entropy density ratio is universal occupies a featured role in gauge theories that are dual to certain gravitational backgrounds [13, 14] . The universality demonstrations of the KSS result, η s = 1 4π , illustrate how the shear viscosity, η, of the hydrodynamic limit of the QFT, with energy momentum tensor T µν , is related to the low-energy absorption cross section σ(ω = 0) of a transverse bulk graviton h 12 by a black brane [39] [40] [41] . Comparing the Kubo formula,
to the low-energy absorption cross section, [42, 43] , where κ 2 = 8πG denotes the gravitational coupling constant, yields
The entropy, S = A 4G , of a black brane is only dependent on its area at the horizon. Denoting by s and a the respective entropic and areal densities, one may employ the Klein-Gordon equation of a massless scalar, as an equation of motion for the low-energy absorption cross section associated with h 12 , yielding the horizon area density σ(0) = a [24] .
Black branes in a 5D bulk have near-horizon geometry
where ℓ denotes the AdS 5 radius, which shall be considered unity herein, for the sake of conciseness. At the strong coupling regime g s N c ≫ 1, the branes considerably curve the background bulk, sourcing the geometry of the generalized black brane [44] ,
where r + denotes the black brane horizon. These generalized black branes can be equivalently obtained in two ways. The first one consists of deforming, under the ADM formalism, the AdS-Schwarzschild black brane [44] . The second manner to derive them is as an analytical black brane solution of quadratic Ricci gravity with
The cross-section σ(0) = a was previously proved for 5D black brane metrics of type [45] 
In order to use the solutions (9a, 9b), one needs to transform the metric (10) into the standard one
by introducing the variabler = rB 1/2 (r), yielding the expression
Therefore
where F ( · | · ) denotes the elliptic integral of the first kind. Ref. [45] derived an analogue result for the lowenergy absorption cross section of a massless, minimally coupled, fermion by the black brane (10),
which is solely dependent on the generalized black brane event horizon [24] . Transport coefficients in the usual fluid/gravity correspondence can be emulated by the fermionic sector of the theory. In fact, the cross section can be computed by the standard QFT rate of decaying particles, σ 1 2 = (2ω)
|M|
2 dΠ , where the measure dΠ accounts the momentum space of final state particles. One then considers a spinor field, describing an AdS 5 bulk fermion Ψ, whose kinetic part in the action reads
, up to a constant, where A = 0, . . . , 4, γ A is a set of gamma matrices and the D A stand for the covariant derivative. The notation x 4 = r shall be used to denote the AdS radial coordinate. Denoting by Ψ b the fermionic fields at the boundary, one considers their coupling to a spinorial boundary operator, S, that accounts the transverse component of the supersymmetric current [46] [47] [48] , by
. The chiral projector P ± = 1 2 1 ± γ 4 is employed, where γ 4 denotes the gamma matrix corresponding to the radial AdS 5 coordinate. Taking a fermion at rest in the boundary implies that
where ζ = ℑ P − P + S(x)S(0) e iωt d 4 x and, hereon, we use the notation tr 0 ≡ Tr −γ 0 γ 0 . The cross section can be, therefore, associated with the Kubo formulae for coefficients of transport in the boundary CFT [24] . The supersymmetry current S i is associated with the supercharge density, ρ = S 0 , by the so called constitutive relation [24] 
where ǫ and P are the energy density and pressure of the fluid, respectively. Ref. [49] interprets ρ as a sound-like excitation, the phonino. The quantities D s and D σ play the role of transport coefficients that govern the phonino, that has a speed dissipation given by v s = P ǫ [25, 50] . Eq. (16) can be rewritten, taking into account to the spin-representations of O(3),
where D . It emulates the splitting of the stress-energy tensor into the shear, η, and the bulk, ζ, viscosities [51, 52] . In the conformal setup, it reads
Using the Kubo formulae yields [24, 37 ]
Tr −γ 0 ζ 1 .
One has
and the equation of conservation, ∂ µ S µ = 0, auxiliates to derive the correlator ρρ as [24] 
Therefore the gravitino can be coupled to the boundary supersymmetric current. The AdS/CFT correspondence associates the gravitino absorption cross section with the dual operator Green's function [43] . Similar to the way that one considers transverse metric perturbations h 12 for the shear viscosity-to-entropy ratio, one takes into account the gravitino modes that have spin-3 2 , namely, υ i = P ij Ψ j , where the P ij operator is responsible to project onto the γ i component a quantity transversal to k. The transverse gravitino components then satisfy equations of motion associated with fermions. One may, hence, associate the absorption cross section to the Kubo formulae (19) ,
characterizing the fermionic version of the viscosity η = 1 2κ 2 σ(0). The cross section (14) can be further tuned, by considering a regular fermion, [24, 45] 
n , can be then employed [24] , yielding
denoting f
Defining x-coordinates implicitly by [24] , such that d r ρ = 2mρ √ B, implies that lim r→∞ ρ = 1. Therefore, the n = 0 fermionic mode can be rescaled as F 0 = e −m √ B dr F 0 , yielding
Hence, the absorption cross section (per areal density) for a massive spin-
This result is led to the standard one derived in the context of the AdS-Schwarzschild black brane, in Refs. [24, 45] , implemented in the limit β → 1, in Eqs. (9a, 9b, 13). The supersound diffusion constant D s , for the generalized black branes (8), Eqs. (18) and (22), then yields [23, 37] 
where T is the black brane temperature.
IV. SUPERSOUND DIFFUSION CONSTANT FROM THE TRANSVERSE GRAVITINO
Hereon the supersound diffusion constant shall be studied with respect to the generalized black brane (9a, 9b), also emulating the results for the AdS-Schwarzschild black brane in Ref. [24] and the ones in Ref. [23] for very particular limits. The bulk action for the gravitino,
is employed, for µ, ν, ρ = 0, . . . , 4, The covariant derivative acts on spinors as D µ = ∂ µ + 
Supposing a boundary plane wave dependence e −iωt+ikx in the gravitino wave function, the projetor P ij is again used, to select the gravitino components,
Hence, the equations of motion, in the background (8, 9a, 9b), read
Now, one writes [24] 
where the basis of chiral (α + , ϑ + ) and anti-chiral (α − , ϑ − ) eigenspinors of the iγ 1 γ 2 operator, respectively with +1 and −1 eigenvalues, concomitantly satisfying
The correlator arises out of Eq. (30) [54, 55] , looking at the singular component of Eq. (30) near the event horizon, where the solutions υ α± are demanded to be of type [24] υ α± ∝ (r − r + )
The supersound diffusion constant can be obtained from the Kubo formulae (19) , used in the regime ω, k → 0 into (30) , in the black brane background brane (9a, 9b), yielding
The phonino dispersion relation ω = v s k − iD s k 2 can be then obtained from the pole of the longitudinal supersymmetry current correlator. The Rarita-Schwinger equations read
The gauge condition / Ψ µ = 0 is again used the above equations, yielding [24] 
Taking into account the hydrodynamical regime, the gravitino can be expanded to the first order, with respect to ω and k,
To the lowest order terms, ω = 0 = k, in Eq. (35) and (36), it reads
Analogously,
The equation regarding the ψ 4 component was integrated in Ref. [24] , after splitting it similarly to (31) . The other components were obtained and derived in Ref. [24] , employing the solution for ψ 4 component. Hereupon the parameters a k , b k , c k and d k stand for (integration) constants that arise from the integration of the parameters in Eq. (31), with respect to the gravitino component ψ k [24] . In the near-horizon regime, one finds
On the CFT boundary, ingoing conditions impose that the solutions approach (r − r + ) Now, we can calculate, for each spinor field, their associated bilinear covariants (1a -1e) and, subsequently, attribute the spinor field type in the Lounesto's classification (2a -2f). The solutions (41, 43, 45) compose the gravitino field (37) . Eq. (41) describes a regular spinor field that flips into a singular, flag-dipole, spinor field, in the β → 1 limit described by Eq. (42) . On the other hand, the solution (43) is already a flag-dipole spinor field solution, for any value of β, according to the protocol in Ref. [35] . In particular, the AdS-Schwarzschild limit β → 1 leads to Eq. (44). In the same way, the spinor field solution (43) is also a flag-dipole solution, irrespectively of the value of β.
The AdS boundary behaviour reads
Defining Ψ ζ = 2γ
, and looking at the equations of motion (35) , one realizes that it partly decouples from the other gravitino components:
The gauge condition / Ψ µ = 0 can be then employed to solve the Ψ 1 components,
The equations of motion for the ϕ µ component reads
The anti-chiral boundary values are given by
The spinor field in Eq. (52) 
This is clearly a regular spinor field. If c = c ζ , a = a ζ , and r + = √ 3, then Eq. (53) is a flagpole singular spinor field, as explicitly verified to satisfy the conditions (2e). Besides, if either a ζ = 0 = c ζ or a = 0 = c, then Eq. (53) satisfies the conditions (2f), hence regarding a dipole spinor field.
Ref. [24] shows that the components Ψ 0 , Ψ 1 have antichiral boundary values given by 
for a matrix B. Solutions can be evaluated at the poles of the boundary values, being therefore interpreted as phonino modes [24] . Computing the det B and substituting the dispersion relation, ω = v s k − iD s k 2 , and solving for v s and D s , yields v s = 
V. CONCLUDING REMARKS
The occurrence of flag-dipole fermions in physics is very rare, comprising features that approach regular spinor fields, although being singular ones, in the Lounesto's classification (2a -2f) according the bilinear covariants. Besides the two previous examples in the literature, here flag-dipole solutions corresponding to the spinor part of the gravitino field (37) were obtained, together with flagpole spinor fields. They were derived as solutions of the bulk action for the gravitino field, in the background of black brane solutions that generalize the AdS-Schwarzschild one. Besides, the generalized black brane has a free parameter driving the singular spinor field solutions, which can flip between regular and singular spinor fields. The relation between hydrodynamic transport coefficients and the universal absorption cross sections in the corresponding gravity dual was also studied in the fermionic sectors of the fluid/gravity correspondence. The Kubo formulae was employed to derive the transport coefficients for the gravitino and its dual, the phonino. In the limit where the generalized black brane parameter tends to the unit, these results are in full compliance with the ones in Ref. [24] for the AdS-Schwarzschild black brane. The supersound diffusion constants were also discussed through the solutions of the equations of motion for the gravitino.
